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DAY FIFTEEN

CLearning & Revision for the Day}

+ Integral as an + Fundamental Integration + Methods of Integration
Anti-derivative Formulae

Integral as an Anti-derivative

A function @(x) is called a primitive or anti-derivative of a function f(x), if ¢'(x) = f(x). If f,(x
and f,(x) are two anti-derivatives of f(x), then f,(x) and f,(x) differ by a constant. The collectlon
of all its anti-derivatives is called indefinite integral of f(x)and is denoted byI f(x)dx

Thus, 4 {op(x) +C} =f(x) O J'f(x) dx = @(x) +C
dx

where, @(x) is an anti-derivative of f(x), f(x) is the integrand and C is an arbitrary constant

known as the constant of integration. Anti-derivative of odd function is always even and of
even function is always odd.

Proper’ries of Indefinite In’regrols

* [0+ 800} dx = [ [ ds £ [ g(x)d

. J’kljde:kEJ' f(x)dx, where k is any non-zero real number.

o [UAGI+ KAL) +otk, £, (0 dx = K, [ £ (s +k [ £+ K, [ £,09

where k,, k,,...k, are non-zero real numbers.

Fundamental Integration Formulae

There are some important fundamental formulae, which are given below

1. Algebraic Formulae

n+1

. ng X _
(1]dex—n+1+C,n¢ 1
(11]I[ax+b”dx llﬁ%+6n¢ 1
n
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(iii)jidx=10g|x|+c

. 1 1
(1V]IaX+bdX—a

(loglax +b|) +

(V]J’a " dx = a_;(+C
1 1 X —-a
g dx =—1 +C
(VI]IX‘—Q x 2a 08 x+a

dx =log| x ++x* -’ | +C
dx =log|x +x* +d* | +C

b [
X]I XZ + aZ
1
) [ dezsin B
(XI]IW sin Q+
= C
(xii IF =cos” %@+
_1 a
(xul]J'ﬁdx—gsec %@+C
. -1 1 .
(XlV)Iﬁ dx = -, cosec %@+ C
(xv) J’w/az -x dx =%x,/a2 -x +%a2 sin™ %§+C
[xvi)J’ x'—d’dx =%xw/x2 -d —%az log| x+x* =d* | +C
(xvii)J' X'+ d dx :%XJXZ +d +%(}12 log| x +x* +d | +C
2. Trigonometric Formulae
(1) Isinde: -cosx +C
(ii) J'cos xdx =sinx +C

(iii) Itan xdx = —log|cos x|+ C =log|sec x| +C

(iv) J’cothX:log|sinX|+C:—log|cosec x| +C

tan@g+£§
4 2

+C

v)Isecde=log|secx+tanx|+C:10g +C

(vi) J'cosecx dx =log| cosecx —cot x| + C = log tang
(vii) J’seczx dx=tanx +C
(Viii)J’ cosec’xdx = -cotx +C

(ix) J’sec x[tan xdx =sec x +C

X) Icosec x [tot x dx = —cosec x +C
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3. Exponential Formulae

(i) J’exdx =e* +C
(i) [ dx =2 @ "V +C
a

X

+C, a>0anda#1

5 dx =
(iii) J'a log.

(bx +c¢)

1
(iv)‘[a"’““‘dx=f +C, a>0anda#1

b log, a

Methods of Integration

Following methods are used for integration

1. Integration by Substitutions

The method of reducing a given integral into one of the
standard integrals, by a proper substitution, is called method
of substitution.

To evaluate an integral of the form J' fleg(x)}E (x)dx, we

substitute g(x)=t, so that g (x)Jdx =dt and given integral
reduces toIf(t]dt.

foor ,

n+1

NOTE - [T #00 =

'IfJ'f X) dx = @x), thenJ’fax+b 7qiax+b

(i) To evaluate integrals of the form

dx ] dx ]
IOX2 thxtc J-w/ox2+bx +c °

I ax? + bx +c dx
C

. . b
We write, ax* + bx +¢ =a @xl +2x +-
a

@x b g c b’
=a + — + - -
2a a 4
This process reduces the integral to one of following forms

dx dx dx
:IXZ - A? ’.[XZ A IAZ .

dx dx dx
I\/AZ —XZ,J-\/XZ —AZ’I\/XZ + A

or I\/Az —XZdX,J'\/XZ - A dX,J'\/AZ + X* dX

(ii) To evaluate integrals of the form
[ (px +q) (px +q)

2
ax” +bx +c Jax? +bx+c

or I(px +q) yJax® +bx +c dx

dx orJ'

We put px+q =A {differentiation of (ax* +bx +c)} + B,
where A and B can be found by comparing the coefficients of
like powers of x on the two sides.
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2. Integration using Trigonometric
|dentities

In this method, we have to evaluate integrals of the form
. J'sin mx [dosnx dx orJ'sin mx 8innx dx or
Icos mx [dosnx dx orIcos mx 8innx dx

In this method, we use the following trigonometrical identities
(i) 2sin Aldos B =sin (A + B) +sin (A —B)
(ii) 2 cos ABin B =sin (A + B) —sin (A —B)

2 cos Aldos B =cos (A + B) +cos (A —B)

2 sin A8in B =cos (A —B) —cos (A +B)

(v) 2sin Aldos A =sin2A

(vi) cos’ A = EIHLSZAQ
2
(vii) sin® A = él;_ C;)S ZAQ

(viii) cos* A —sin® A =cos2A

(ix) sin®* A +cos®* A =1

(iii

(iv

)
)
)
)

3. Integration of Different Types
of Functions

- To evaluate integrals of the form J‘sinp xcos? x dx

Where p,q 0Q, we use the following rules :
(i) If pis odd, then putcos x =t
(ii) Ifq is odd, then putsin x =t
(iii) If both p,q are odd, then put either sin x =t or cos x =t
) If both p,q are even, then use trigonometric identities
only.

(v) If p,q are rational numbers and Q‘%_Zgis a negative

integer, then put cot x =t or tan x =t as required.

(iv

) dx
To evaluate integrals of the form 172 or
a+ bcos” x
dx dx
| ——or [—— —
a+ bsin® x asin® x + bcos” x

dx dx

I H 2 OI’I . 2 2
(asinx + bcos x) a+ bsin® x + ccos” x

(i) Divide both the numerator and denominator by
cos® Xx.
(ii) Replacesec’x by 1+ tan* x in the denominator, if any.
(iii) Put tan x =t, so that sec’xdx =dt
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- To evaluate integrals of the form

] dx orJ'] dx

a+ bsinx

dx orI ] dx

asinx +bcosx +c¢

I<:1sinx + b cos x

orj'i
a+ bcosx

1 - tan®
and cos x =
1+ tan®

2 tani
(i) Put sinx = "
1+ tan® =
2

DO | [ |

(ii) Replace 1 + tan® gby sec’ g and put tang =t.

. asinx+bcos x
- To evaluate integral of formJ'_—dx,
csinx+dcos x

. . d, .
we write asinx + bcosx = A— (csinx +dcos x)
x
+B(csinx +dcos x)

Where A and B can be found by equating the coefficient of
sin x and cos x on both sides.

asinx +bcosx +c¢
dx.

To evaluate integral of the formf -
psinx +qcosx +r

We write asinx +bcosx +c¢ = Adi(psinx +qcosx +r)
X

+ B(psinx +qcosx +r) +C

Where A, B and C can be found by equating the coefficient of
sin x, cos x and the constant term.

2
x°+1
- To evaluate integrals of the form [ ——————dx
, o J-x4 +kx? +1
x* =1
or 7dx
I x* +kx® +1
We divide the numerator and denominator by x* and make

. . 1
perfect square in denominator as @xt— and then put

X

1 1 .
x+— =t or x—— =t as required.
X X

- Substitution for Some Irrational Integrand

. a—Xx a+x
(i) s , X =acos 20
a+x \a-x

. X a+x 1 )
. 4 i/ +X), ———,x=atan’ 0
(ii) P . x(a+ x) LTS X =a tan

or x=acot’ 0

X a-—-Xx — 1 - . 2
(iii) T x .+ X (a X],im,X asin® 6

or x=acos* 8
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. X /X—a 1 B s
(iv) ~—a’ . A X (x a],m,x—asece

Ox —a O
foa

I dx
—X
Jﬂ/[x—(x](B - x)dx, put x =acos® 6 + Bsin® 6

dx

vi) [—————,putax +b =t*

U o Jax e ?

" dx )
vil ,put px +q =t
( ]J’(axz+bx+c]\/px+q PHEPX T
(vili) [ dx put px +q =

(pX+q)\/(1X2 +bx +c¢ t
dx

1
(ix) - first put x =—
i o o) P

and then a + bt* =7

4. Integration by Parts

(i) Ifu and v are two functions of x, then

_ 3 u
‘[111 KdX —UIVdX J’% quxgdx
We use the following preference in order to select the
first function

I - Inverse function

L - Logarithmic function
A - Algebraic function

T - Trigonometric function
E - Exponential function

(ii) If one of the function is not directly integrable, then we
take it as the first function.

(iii) If both the functions are directly integrable, then the
first function is chosen in such a way that its derivative
vanishes easily or the function obtained in integral sign
is easily integrable.

(iv) If only one which is not directly integrable, function is
there e.g. J' log x dx, then 1 (unity) is taken as second

function.

Some more Special Integrals Based on
In’regro’rion by Por’rs

J'e {f(x) x)}dx = f(x)e* +C

ax

_¢
a +b*
{asin (bx +¢)

(i) J’e‘”‘ sin (bx + ¢)dx =
-b cos (bx +¢)} +k
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ax

e
aZ + bZ

{acos (bx +¢) +b sin (bx +c)} +k
Here, ¢ and k are integration constant.

(iii) J'e“" cos(bx + c)dx =

5. Integration by Partial Fractions
To evaluate the integral of the form I de, where P(x),Q(x)
Qx)

are polynomial in x with degree of P(x) < degree of Q(x) and
Q(x) 20, we use the method of partial fraction.

The partial fractions depend on the nature of the factors of
Qx).
(i) According to nature of factors of Q(x), corresponding
form of partial fraction is given below:

FQx=x-q)x-a,)(x —a,)....(x —a,), then

we assume that
P(X): A + 4, + A, .+ A, ,
QY x-a) (x-a) (x-a) (x-a,)

where the constants A, 4,,..., A, can be determined
by equating the coefficients of like power of x or by
substituting x = q,, a,, ..., q,

i) FQX=(x-a (x -a)(x —a)...(x

assume that

-a,), then we

P(X)= A + 4, I Ar
Qx) (x-a (x-af (x -a)
B, B, B,
+ + +o+
x-a) (x-a) (x-a)
where the constants A,, 4,,..., A, B,,B,...,B, can be

obtained by equating the coefficients of like power of
X.

(iii) If some of the factors in Q(x) are quadratic and
non-repeating, corresponding to each quadratic factor
ax’ + bx + ¢ (non-factorisable), we assume the partial

Ax + B
ax* +bx +¢’
constants to be determined by comparing coefficients
of like powers of x.
(iv) If some of the factors in Q(x) are quadratic and

fraction of the type where A and B are

repeating, for every quadratic repeating factor of the
type (ax* + bx + ¢)* where ax* + bx +c¢ cannot be further
factorise, we assume
A X+ A, Ax+ A, L Xt Ay
2 + bx +c)f

ax’* +bx +¢  (ax* +bx +c¢f [

If degree of P(x) > degree of Q(x), then we first divide P(x) by

Q(x) so that P(x is expressed in the form of T(x) + B (X), where
Qx) Ax

T(x) is a polynomial in x and E(x)

Q(x)

(i.e. degree of P,(x) < degree of Q(x))

is a proper rational function
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(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

6

- dx is equal to

ax
1 IfI - = p(x),thenj’ _
X+ X X = JEE Mains 2013

(a) log|x|=pkx) +C
(c) x-px) +C
x% -1

2 I(x4 +1)(x +1)

(a) %logo + x%)

(b) %Iogﬁ + x%) —%IogO +x% +C

©) %Iogﬁ + X —log{i+ x) +C

(b) log|x|+ p(x) +C
(d) x+ px)+C

dx is equal to

+ %Iogﬂ +x%+C

(d) %Iog(‘l + x*)+log( +x) +C

3 J’(x +1)(x +2)"(x +3)dx is equal to
x+2)° _(x+2)°

(a) +C
10 8
2 8
(b) X+ _(x+2)° _(x+3) +C
2 8 2
10
) X2 o
() KED L x+ 2 x+ 3L o
2 8 2
4 The integralj + equals
x*(x*+1) ~ JEE Mains 2015
,
41 1
@3 H+c (b) (x* + 1) +C
o x" O
1
1 4 I
(c)-(x"+1N*+C (d) _Exiz-%h +C
ox* 0
I,Slidx =Ax +Blogsin(x -a) +C,
sin(x —a)
then the value of (A, B) is
(a) (sina,cosa) (b) (cosa,sina)
(c) (=sina,cosa) (d) (=cosa,sina)
6 IfI f()_() dx =loglogsin x + C, then f(x) is equal to
logsin x
(a) sinx (b) cosx
(c) logsinx (d) cotx
J’ G LO?X 7 Efdx is egal to
(log x
X xe*
— - +C b +C
(logx)” +1 () 1+ x°
log x
c +C d) =22  +
(©) Xx°+1 ( (logx)® + 1
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8 IfI X+x%+5dx =P{x +4/x? +5}°/2

+ 9 + C, then the value of 3PQ is
VxIx*+5
(a) -1 (b) -4 (c) -3 (d) -5
J’i, is equal to
Cos X —sin x
(a )7log tan% T[E +C (b 7Iog cot%@+c
(c)ilog tan@f 3HQ+C 7Iog tan@f+3n +C
V2 V2 > 8

10I sin® x - cos® x
1-2 sin® x cos? x

dx is equal to

1

(a) sin2x+ C (b) —Esin2x +C

(c) %sin 2x + C

11 I\/x+\/.2 X )\/1—x 2 -x*?
1-x
(@) 2"°x+C (b) 2"?x+C (c) 2"°x+ C(d) None of these
121%0 co§6x+6cos4x+150082x+10 dem‘
COS“ x + 508 x cos 3x +Ccos x cos bx
then f(10) is equal to

(d) =sin2x +C

dx;x (0,1) equals

(a) 20 (b) 10 (c) 2sin10 (d) 2cos10
12
13 The mtegralJ’M dx is equal to
+1)° = JEE Mains 2016
_ X XWO
— - +C b) —~—— _+C
(x*+ x®+1° (b) 20x° + x* + 17
X5 _ XWO
(c) +C (d) +C

2(x° + x* + 1° 2(x° + x* + 1°

dx is equal to

a1
IXS\/2X4 —-2x% +1

4 _ 2 4 _ 2
(@) \2x X22x +1 +C (b) \2x X2x +1 +C
4 _ 2 4 _ 2
©) 2X 22x+1+C (d) 2X222X+1+C
X X
ax .
is equal to

15
S +ateanxr
(a) lIog[qtan"x +4p° +g°(tan”'x)’1 + C
q
(b) log[gtan™x + \/p® + g°(tan”' x)’] + C

(©) 2 (p* +g*tan' %)% + C
3q

(d) None of the above
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+
16 Inthe integraljM dx = A cos 8x + k, where
cot2x —tan 2x
k is an arbitrary constant, then A is equal to
= JEE Mains 2013
1

(d) _g

@ | =

- T
(a) " (b) T (c)

(sinb + cos 6) de is equal to

17
I 4 sin26

a) log| cos® —sin® +,/sin20|

b og|S|n9 cosB +./sin26

" (sin@ - cosh) + C
"(sin@+ cosh) + C

= JEE Mains 2017

)

) |

) sin”
) sin”
O (x) [y '(x)—f'(x)@(X)a((logg(x)_|ogf(x))dxis

18 [H ) TB(x)

equal to

0O 1
3 log%g ¢ E Of(x)
1 @(X)
© 2 @Oguf(x) % v @ lOng(x

19 Let/, =Itan” x dx (n>1). If
I, + 1. =atan® x + bx®> + C, where C is a constant of

i:wteg?ation, then the ordered pair (a, b) is equal to
a) Ql, H ® % oH © % - @ %% o]

ZOIIL x:x—itan'1
1+ tan x + tan® x JA

(
(
(c
(d

fa%

WQ+ C, then the value of A is

(a) 1 (b) 2
(c) 3 (d) None of these
_3 1
21 J’cos 7 x sin 7 x dx is equal to
4 2
(a) log |sin7x| +C (b) ?tarﬂx +C
3

4 3
(c) %tan X+ C (d) log|cos” x| + C

22 J’#is equal to
2+ sinx + cos x

a) ﬁtan@%@ C (b) tan-‘W@ c

(c) ﬁtan"wg+ C (d) None of these

23 If the integral
5 tanx dx =x+aln|sinx —2cos x| +k,

Itanx 2

then a is equal to
(a) =1 (b) -2
(c) 1 (d) 2
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25J’ /aa )—(XS dx is equal to
C

27. IfJ’f Xx)dx = WY(x)

= NCERT Exemplar

e dx is equal to

Ox? O g -10
(a) lIogDX2+7X+1D+C (b)llog 5 X 1D+C
2 X“-x+10 2 x“+ x +10
©og B **Hic (@) logBC=**1H, ¢
X* + x + 10 2 X* + x + 10

(b) %sin"%gz +C

a) sin"%g/z
(d) gsin“%g/s +C

(c) gsin”%g/z +C

26 If an anti-derivative of f(x)is e* and that of g (x)is cos x

thenIf(x) cos x dx + Ig(x)e*dx is equal to

(a) f)y(x) + C (b) f)+ g+ C
(c) e cosx + C (d) fx)—gx)+C
,thenJ’x5f(x3)dx is equal to

’
— - (XYW dx +C
(a )3[ 2l IX xr = JEE Mains 2013
(b)%[ ]—3wa )dx +C
% ) = [X*W6)a +C
(d);[ )] =[x W) +C
28 IfI ~6cos” x = ).((X)G +C, then f(x)is equal to
sin® x cos® x (sin x)
(a) sinx (b) cosx (c) tanx (d) cot x

29 J’tan’1 Jxdx is equal to = NCERT Exemplar

(@) (x+ Ntan'Vx —/x +C
c)/x - xtan"Jx +C

30 If/, :J'(Iogx)”dx,then I, +nl,_,isequal to
(a) x(logx)" (b) (xlogx)" (c) (logx)"™" (d) n(logx)"

31 IfIf(x)o’x =9(x), thenIf X)dx is equal to
(b) xF'(x) = g(f'(x)

(b) xtan Wx =J/x +C
(d)Vx - (x+ tan Wx +C

(@) g7'(x)
(©) xf'(x)-g7'(x) (d) 17(x)
2 J’% dx is equal to
@ :4)2 +C ) f;)z e

X +1 cot"x ax :A(X)QCOHX + C, then A(x)is

33 Ifﬂ[i
= JEE Mains 2013

equal to
(a) - x (b) x (c) y1-x (d) J1+ x
m @) www.studentbro.in



34 If g(x)is a differentiable function satisfying ax®

35 [ ———isequalto
di{g(X)} =g(x)and g(0) =1, then IX (x"+1)
X " )
02 - sin2x0 (@ 3nd X Hic () i X" Hi o
J'Q(X) Bliﬁdxisequalto n Ox"+10 n Ox"+ 10
- COS 2X ., o
© 2 1Hec (d) 3nnE_H+ ¢
(@) gx) cotx + C (b) - g(x) cotx + C a8 o s

(c) g(x) +C

(d) None of these
1-cos2x

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

11f [ f(x) dx =1(x), then [ {f(x)}? dx is equal to
1

@ 0P () (P (o)

2 3
0 x? —sinx cosx -2
2 Iff(x)=|sinx — x? 0 1-2x |,
2 -Cos X 2x =1 0

thenJ’ f(x) dx is equal to
X3
(a)g -x°sinx +sin2x +C
XB
(b) 5 x?sinx - cos2x +C
X3
Z_ - x?cosx -cos2x +C

(c) 3

(d) None of the above
3 J‘ezax 1 —cc.>s 2a x
1+ sin 2a x

(a) - ; e** COS@; + ax§+ C
(b) - é > CO'[@; + ax§+ C

(c) - a e*™ COSEE + ax@+ C
2a 4

_l 2ax Tt
(d) ae cosec%+ax§+c

dx is equal to

4 If x?> #nm -1, n ON. Then, the value of

IX\/z sin(x? +1) —sin2 (x? +1)

- 5 - 5 dx is equal to
2sin(x® +1) +sin2(x° +1)

(a) log +C (b) log +C

1 2
— sec (x° +1
5 ( )

2
Sechiﬂg
o2 0

(c) %Iog |sec (x* + 1)| + C (d) None of these

5 The integral
sin® x cos?® x
J’(sin5 x + cos® x sin? x +sin® x cos? x + cos® x)?
is equal to = JEE Mains 2018
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1

-1

a————+C - +C
( )3(1+tan3x) )3(1+tan3x)
1 -1
_— _ +C d)———  +
1+ cot® x )1+cot3x
(where C is a constant of integration)
ine
6 J’cos 20log %bosglci’ngﬁde is equal to
0s 0 - sin
(a) (cosB - sinB) ?log ME+ C
OcosB - sin 0

(b) (cosB + sinB) ?log ME+ C

(cosB — sinB[]

T, .
© (cosB — sin 0) log Ecose smeEJr

[JcosB + sinb

C

(d) 1 sin2@logtan QE + 9@— lIog sec20+C
2 4 2
2
X

7

I(X sin x + cos x)

sinx + cos x
X sinx + cosx
X sinx - cosx . -
X sinx + cosx

> dx is equal to
+C

(b)

SinXx — X COS X
c .7-*_
X sinx + cosx

C

(d) None of the above

x? dx
(14 X2)(1+ 1+ x7)
value of f(1) is

(a) log (1+ +/2)

8 If f(x) =J’ and f(0) = 0, then the

(b) log (1+ +/2) —g

(c) log <1+@+§

91f=] ax —k s FX 1L C thenk is equal to
Y(x +1)%(x =1)* 1-x

(a) 2/3 (b) 3/2
(c) 1/3 (d) 1/2

(d) None of these
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0 ax
I(sin X + 2)(sin x =1)

2 2 ng@ﬂ

is equal to

12 The |ntegraII Q + X ——% x dx is equal to
= JEE Mains 2014

4
Xt—

R 57 +C
(a)sganx_@ Wl B0 (@) x-1e +0C (b)xe *+C
5 +1 x+l
,° : : () (x+1e > +C (d)-xe"* +C
() ——+C
Qanf + 1@ 13 J’(sin(101 x)3in* x)dx is equal to
2
SZ tan 5 _ 1I] () sin(100x) (sinx)'® L C (b) cos(100x)(sinx)'® L0
_2 1 ! 100 100
c) = ———— + 57 +C
(©) 3 Qa X 1@ f D J3 S cos(100x)(cos x)'* L0 cos(100x)(cos x)'* i C
2 0 (©) 100 (@ 100
X O
5 5 . %tan—_1 (2018)2X B K
(O|)—SQ " Q Sf tan DTDJ'C 14J’ 20187 (2018)5™ 28" ¢ix is equal to
— O
D i
o (2) (000,40 (@018 9" +C
11 (—=__ dxis equal to (D) (1090, €)° (2018) """ + C
I(2 + 3X2 )5/2
(C) (10G,0;5 €)° (2018) " ®™®" + C
5 /2 sin”'(2018)
(a) 15X ET +C (d M+ C
% + 3X (1095016 € ey’
1 g X2 ﬂ/z 15 x@ 2 _ 1 H
2 +C J’(Ie 0g x + ———)dx is equal to
6% + 3)(2 X X
10 X2 d/z (a) e*logx + Cx +C, (b)|09x+%+Qx+Cz
C +
(2 + 3] (c) 109X 4 Cx +C, (d) None of these
X

(d) None of the above

ANSWERS

1) 2 (o) 3 (a) 4 (d) 5 (b) 6 (d) 7 (a) 8 (d) 9(d) 10 (b
M@ 12@  13(k) 14 15@ 16 17() 18  19() 20 ()
21 ()  22( 23(d) 24(d) 25(b)  26() 27( | 28() 29() | 30(@)
31 () 32()  33(b)  34() 35

1 (a) 2 (d) 3 (b) 4 (b) 5 (b) 6 (d) 7 (0 8 (b) 9 (b) 10 (a)
15 (a)

11 (b) 12 (b) 13 (a) 14 (a)
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Hints and Explanations

x° dx
x(1+ x%)

1 Letl = J’ dx=J'

x+ X

1+X
_I 1+X

I*‘ITX
log|X| )+ C
-1

m
X+ xt-xt -1
gl (x4+1)(x+1]
X(x+1)-(x"+1)
_I (x*+1)(x+1)

ﬂgﬁ'ﬁ@ix

log(x +1) +C

2 Let] = J’

1
= “log(x* +1)-
2 8( )

3 Let! =J'(X+1][X+2)7[X +3)dx
Putx+2 =t
D x=t-2 anddx =dt
1= It— t+1dX
=It -1) m’dx__l'[t —-t")dx
S o2 (xw2f
10 8 10 8
4 dx ‘ dx

+C

O = =-t'dt
X

Hence, the integral becomes

I “tdt Idt——t +C

Gt e e

5 Let] = I&d
sin(x —a)
Putxea =t Ods dt

07 :J_sm[.t+ O()dt
sin t
=J’cosa dt + Isina L.)S t dt
sin t
=cosa [@ +sina log sint +C
= xcos 0 + sina
log {sin(x —a)} + C

0 A =cosa, B =sina
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6 We have, -[7) = log(logsinx) + C

log sin x
O f(x)=—(ogsinx)
ENACI -
H J' ) dx = log(f(x)) + CH
=cotx
7 J. logx 1) D
il + (log x)*

(log x)* +1 - Zlogx
-r [(log x)* +1]*

(log x} +1 - 2X§0g X %@dx

-] [(log x)* + 1
_,.dd X O
Idleogx)Z+lajx
:#+C
(log x)* +1
8LetI=J' X+ /% +5dx
Putx+Vx* +5 =
O NX+5=t-x
O X+ 5=t +x -2xt
0 5=t -2xt
O 2xt =t* -5
O X:1§—§§
2 t
and dx=lﬁl+—,5
2 t*
Now,

I=[t" [l@uigdt
I 2 IS
1

= 5I(t”z +5t7%)dt

_1 32 _ 1l _ 5

=1 pe 10R, oolpe 5 4
2 % I 3 NG

Clearly, 3PQ = -5

9 LetI‘—J’

V2 @Tcos X = isinx@
2 2

8
10 Let 1= J’—Smx Cosf dx
1 - 2sin’* x cos® x

(sin* x + cos® x) (sin* x — cos® x) dx

=1
(sin* x + cos® x)* - 2sin® xcos® x

= I[sin4 x —cos” x)dx

= I(sin2 x —cos® x)dx

=J’—cosZXdX
_ sin2x+c
2

11 LetI:J"/XJr\/Z 21 - x2 -
V1-x

\IX+ 2 x* DlZ 2X2 x? D

D

-J % X =

VYx++/2-x?
Hlix* + W2 -#) —2x2 -x*1H
2 H

dx

:-I Y1-x*
\/X+ V2 - x* 3\/\/2 x*
-] 20 41— ¥

- %/[2—X2)—X2l
I21/6W

=2”€‘J' dx=2"°"x+C

0 cosb6x+ 6cos4x

12 Let 1=

O
O
+15cos2x + 10 de
J-BlOcos X + 5cos xcos SXD
H] + cos xcos 5x [
(cos 6x + cos 4x) + 5(cos 4x
+cos2x)+ 10(cos2x + 1)
I 10cos® x + 5c0s XCOs 3x

dx

+ C0os XC0s 5x

2cos 5x [¢os x + 10 [¢os 3x
[tos x + 10 [([2cos” x)

- I 10cos’® x + 5cos x [Gos3x
+ Ccos xcos 5x

dx = ZJ'dX

=2x+C
Clearly, f(10) = 20

2x"% + 5x°
(x*+ x* +1)°
_ 2x" + 5x°

13 LetI:J'

dx

2 3+
_J. X 5x° dx
@+ x*+x%°

Now, put 1+ x* + x° =¢

O (-2x° -5x %)dx =dt
0 (2x* + 5x %)dx = —-dt

0 I=—J’%t:—J't"’dt
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-3 +1
= - t +C=L+C
-3+1 2t*
10
:X7+C
2(x° + x* +1)°
14 Letl = | X -1
XWZX -2x*+1
_Iidx
+ L
X' X
1_1
:J— X x° dx
2- 2+t
X X
2 1
Now, puttmgz—— — =t, we get

4@% EFX dt

1.dt

4II
4 _ 2
:79\/{+C:M+
4 2x°
15 Put qtan*X:t
O de=dt 0 _ax=
1+X 1+ x q
DJ‘ 1 [t + 4 p +t]
g\ p’ +tz q
= —log [gtan™ x
q
+p’ +q'(tan” x)*] +C
2
16 LHS = J. 2cos” 4x
cos’2x — sin’2x

cos2xsin2x

_ ~2c0s” 4x X cos2xsin2x
= J’ dx
cos 4x

= Icos 4x x sin4xdx = 1J'sin 8xdx
2

=;lcos 8x +k
2 8
Hence, we get A = _—1
16
17 sin © + cos ©

Let] =
I\/l —(1 - 2sin Bcos 0)
sin © + cos 0

_I\/l— sin @ — cos 0)° @
Put sin® —cos O =t
0 (cos© +sin9]d6—dt
=sin”(t)+ C

IIW

f(x)
o SRR 2IT W g,
(f(x)*
fF)B'(x)-g(x)F'(x)
f(x)(x)
iy = gt
f(x)

5 PREW-gFd, dt
O f(x)E(x) O t
Now, I = Ilﬂlogtdt = M +C

=18, Dg—ED+C

20 Df
19 We have, I, =Itan"xdx
o I,+1,, =Itan“xdx+ J'tan"*zxdx
= J'tan" x(1 + tan® x)dx
=Itan"xseczxdx

_tan""' x

- "+ C
n+1

tanx+c

Putn =4 weget I, + I

a azlandb=0
5

20 Letf=[— tan x
+ ta

nx + tan® x
sin x

di= [——COSX___dy
Q4 S X, SIDX

cos’ X cos x
sin2x

_I2+ sin2x

_ _ dx

_IdX ZIZ + sin2x

= x-9 sec’ x
IZSBC X+ 2tanx

Let tanx =t
0 sec® xdx =dt
B dt
EItz +E+1

=x- I—g
330 B2

2 02

OI=x- —tan Bmai’”@c

Hence, we get A = 3.

O0Od.

22

23

I cosec’x , _ J.cosec X
Ebos”xD cot® x
sin®” x

Put cotx =t O- cosec’xdx=dt
7

— dt — /a7
O I——Itw =t +C

4

~Ttan " x + C
4

Let I—J’*
2 + sinx + cos x
0 I:I dx
2tan >~ 1-tan? X
2+ 2+ 2
1+ tan Y 1+ tant X
2
sec? dx
- 2
2+ 2tan’ > + 2tan> +1 —tan® >
2 2
sec’ > dx
2

/I=(f— &«
Itanzi+ 2tan”> + 3
2 2

Puttan> =t O 1sec —dx dt
2 2
- 2dt
Itz +2t+3
dt _ 2dt

It2+2t+1+z_zj(t+1)2+(ﬁ)2

I +1§
=2[H0—tan Et— +C
V2 V2

Htan— + 1D
0I=+2tan™ [{75+ C

o V2 g

[} 0
Given, I& dx

tanx — 2
=x+ alnsinx -2cos x| + k ..(d)
Now, let us assume that
I 5tan x dx
tanx — 2

On multiplying by cos x in numerator

and denominator, we get
5sin x

dx

I=(_°>"*
Ismx 2cos x

Let 5sinx = A (sinx — 2 cos x)
+ B (cos x + 2sinx)
0 OCtosx + 5sinx = (A + 2B)sinx
+ (B —-2A)cos x
On comparing the coefficients of sin x
and cos x, we get
A+2B=5and B-2A=0

=sin”(sin 6 - cos 6) + C 21 Here,m+n=j+ﬁ_11§:—2 0 A=1andB =2
7 7
- g'(x)- f'(x0)Ex)0 _ 317 o win(~2 +3/7) O 5sin x = (sin x — 2 cos x)
18 Letl = J'Df ) [;L;r(x) E I= Icos x(sin! x)dx +2(cos x + 2 sinx)
= [cos " x sin* x sin®” xdx
1o FEC J
Of (x)O
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01 5sin x dx
J.sinx —2cos X

(sin x —2cos x) + 2 (cos x + 2 sin x)
I (sinx — 2 cos x)

0 I—Ildx+2I (sinx —

dx

2 cos x)
(sinx — 2 cos x)
I=x+2log|(sinx —2cos x)| +k
...(i1)
where, k is the constant of integration.

On comparing the value of I in Egs. (i)
and (ii), we get a = 2

Putx+l=tD @l—i2 dx=dt
X X
dt 1 0 -10
i
-1 2 r+10
=llOgDX2_X+1D c
2 T+ x+10
25 Let] = J’ dx
a-x
Put x = q(sin0)*"?

0 dx= %a(sine)'] " cos BdB

al /Z(Sine)l /3 ﬁs

a(sin@)™ " [kos B

o I= de
I Ja& - a’sin’0
2 .a” EbosO
a 1608846 2 g
3_[ a”*cos® 3-r

3/2
:%e+c:gsin_] @fﬁ +C
3 3 a

26 J'f(x)cos xdx + Ig(x]e"dx

27

CD

=~ (cos x + sinx)
2

x

e¥, .
- (sinx —cos x) + C

e’
2
=e*cos x+C
Given,If[X]dX: Y(x)
IZJ'Xsf(XS]dX
Put x' =t

O xde:% ...()

Let

OrI= 7It f(t ILp
=1[x3w -3J'x2w )dx] + C
3
[from Eq. (i)]
=L oy )= [XWe)dx +C
3
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_ 2
28 Letr= [ 0% Xy
sin® xcos® x
[ dxmep Y
sin® xcos® x sin® x
=L-L (say)
Here, I, =IS?CS X dx
sin® x
=J' —— [Bec” xdx = .1 [fan x
sin” x sin” x
—I (__?) [dos xtan xdx
sin” x
tan x tan x
=X, L0 -="2%4c
sin® x sin® x
Thus, I= t.axix +C
sin® x
Hence, f(x)=tanx
29 Let! :J"(auf1 Vx(1)dx
= tan 'K/?Ildx
—gi[tarf1 «/;]J'(l]dxgix
dx
=tan™ J/x Ok -
-[1 + X zf
=xtan™ «/7— I
2 1+X

Putx=t* Ode 28dt

O I=xtan’1x/;—1‘[t72t dt
2+t

= xtan™ Vx —t +tan't +C
=xtan "Wx —/x +tan" Vx +C
=(x +1)tan 'Vx -J/x +C
30 1/, =I(log x)'dx = x(log x)"
—nI(log x)" & Ordx
X

0O I,+nl,., =x(logx)"

31 Consider, J’f x)dx = J’f x)Adx
= (x J’ )) Gedx
Now,dlet 7 = t& then
-1 = i
E(f (X]] i
O %[f’l (x))dx = dt
0 If_] x)dx= xF7( If[t]dt
=t 0 = f@)]
= x (%)~
=xO'(x)-g(f " (%)
_ 0 x+3 0O
32 Let] —J’e WEdX
sdx+4-10

_I X+4 de
W=

=e" 1t +C
x+4

['~'Iex(f(X]+ f'(x)dx =e” [f(x
I +1 _x U

E?+1 X+ 1

- Jvl I}cot" xdx _I

)+Cl

cot™ xdx

33 LHS =J'

-1
ecul *dx

X +1
- Xecot"x _IX@cut"x%_ 1 de
01+ x0

ecot" dx + C = Xecot" 4 C

_I1+;<Z
0 A(x)=

34 We have, i{g(X)} =g(x)
dx

O g'(x)=g(x)
g'(x), _
O 2 dx = [1dx
Ig(X] I
O  log, {g(x)} = x + logC1
O glx)=
Now, g(O]— 1 D Cc, =1
u g(x)=
—-sin2x0
g Ig(X) Dimdx
01 —cos 2x0

=J'e"(coseczx - cot x) dx

=-e“cotx +C

= —g[ x)cotx +C
_J. 3x*dx dx

(x"+1)
11—1
J. dx  _ SJ. dx
x(x"+1) x"(x"+1)
On putting x" = t, we get

_ o_ 10
_7J'tt+1 1 t+1ﬁit

35 Letl = J’

_3
= fj'g
[logt —log(t +1)]+C

t
£+1§+C
o x" 0
B8R ¢
SESSION 2

1 We have, If(X)dxzf(X]

O % ()} = f(x)

S |w :\oa:\

log {f(x)} =x + log C
f(x)=Ce”
{f(x)Y = Ce”
J' {f(x)}* dx = J'Czez"dx
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2 We have,
0 X —sinx cos x —2
f(x)=linx - x* 0 1-2x
2-cosx 2x -1 0
0 sinx— x* 2-cos X
O0f(x)=|x —sinx 0 2x -1
Cosx—2 1-2x 0

[interchanging rows and columns]
0 fx)=(-17
0 x* —sinx cosx —2
sinx — x° 0 1-2x

2 - cos x 2x -1 0

[taking (= ]common from each column]
0 f®=-fx)0 f(x=
0 I f(x) dx J'O dX c

Ccos 2ax

3 Letl = J'ez‘” 7d
1 + sin 2ax
OorI= lfeuﬂdt, [where, ax = t]
a 1+ sin 2¢
1 2t
=—(e
a.I.

l—251n§£+t§[tos@j+tﬁ
4 4 dt
2 sin’ §E+t§
4
_lj'ezt
a
Blcoseczgﬂ+t§—cot§j+t%dt
4 4 4
O I:ij'e“cosec2 EE +t@dt
2(1 | I 4
- lIe“cot@E + t@dt
a 4
0oI= —ie“cotgE + t§+ lje“
2a 4 a
cot@ﬂ+t§dt—1j'e“
4 a
cot§5+tﬁdt+c
4
o I= —ie“cotgE +t§+ c
2a 4
0o I= —ie“"cotgE + 0X§+ C
2a 4

4 We have,

dx

< [? sin (x* + 1) - sin2 (x* + 1)
-[ 2sin (x* + 1) + sin2(x* + 1)

2sin (x* + 1) - 2sin (x* +1)
_ [dos (¥ + 1)
I 2sin (x¥* + 1) + 2sin (x* + 1)
[Gos (x* + 1)

dx
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_ -cos (¥ +1)
I 1+ cos (x* +1)

Ox* + 1
=Ix tangiudx

Djt

dx

Dx‘+1|] Ox* + 10
dg——-I[

|:| 0o 2 0O
Ox +10
= log|sec Di[j +C
[} [
5 We have,
sin® x [¢os® x dx

I :I
(sin® x + cos® x [8in® x
+ sin’ x [@os® x + cos® x)

sin’ xcos® x
dx

I{sm x(sin® x + cos® x) +
cos® x(sin® x + cos® x)}*

_ I sin® xcos” x d
(sin® x + cos® xf

_ sin® xcos® x

Icos ® x(1 + tan® xy

tan® xsec® x

_I (1 + tan’ xf

Put tan’ x =t

0 3tan’® xsec® xdx =dt

or=tr 4 gp- 1 ¢
3J (1 +1ty 31 +1t)
o 1=—"Y ¢
3(1 + tan’ x)

6 Since,

log [tos O + sin SD_ log tan@ﬂ + BH
[cos B — sin SD 4

0
and [sec 0d6= lo tan@ﬂ+fﬁ
I Blangy "y
1 T
O sec 20d0= ~1lo tang»+6§
I 2181
2sec 20 = ilog tan@E + 6@
de 4

01 = 1sinZBlog tan@E + Sg—ftanzede
2 4

= 1sinzelog tan@E + SQ
2 4

—%logsecze +C

x

(xsinx + cos x)*

7LetI=J’ dx

XCOoSs X X

= O
I XSlIlX + cos X] COos X

dx

0.d
H dx

-1 e

o I= - .
(x sinx + cos x) cos x

. 1
J.[X sin x + cos x)

(x sinx + cos x) = x cos XD

B

cos x — x (—sinx
—2[ )dX
cos” x
-X
= +tanx +C
(xsin x + cos x)cos x

. 5 .
—-x + xsin” x + sin x [dos x
= +C
(x sin x + cos x)[¢os x

sinx — x cos x
= " +C

xsinx + cos x
x*dx

I(1+ xz)(1+\/1 + x%)

8 f(x)=

Put x = tan® 0 dx =sec’0d0
=1+ x)dd
2 2
0 f(X)=J' tezln Bsec”’ 0 46
sec”0(1 + sec 0)
_ 1 - cos*0
IcosG (1 + cos©)

:Isec SdS—IdG

= log(secb + tan 8)- 06 + C

=log(x + 1+ x')-tan"' x + C
O f(0)=log(0+ ,1+0)

- tan™(0)+ C
O cC=0
0 f(1]=log(1+ﬁ)_E+o
9 Let!=| dx :
Ox + 10
- xFs0—0O
- x0
Pt L*X-yp_2 =dt
1-x 1-x)
dt_ ‘1/3
O I‘QIF"[ ]+
:§D1+X+Cg
2 1-x 0
O k=3
2
10I dX
(sin x + 2)(sin x — 1)
_1 dx _1 dx
3J (sin x — 1) SI(sinX+2]
=1 dx
3 BZ‘[anE B
x_1D
+ 20
E}l tan2 H
_1_[ dx
3 thanE B
0 zXJ,ZD
+ 20
Eﬂ tan2 H
Put tan =~ = ¢
2
1
O 7seC—dX dt
2
adt 1 2dt

§I2t—1—t2 §I2t+zt2+z
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:E -~ " tan +C
3(t-1) 343 3
2
= —Ltan_l

ygfliﬁ
2+ 3x)"

On substituting 2 + 3x* =t*x*
g ? =

x -2t [ _ oy dt
I(tx]S Ox(t* = 3¥0 att

2J e

_1 1
dt _ + L
62 +3x 0
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x 100
an >+ -
2 ,l%ﬁ 2 2@5
0
g

G——F——0+C
A
g

+C

12 J'El+ X—iﬁexé dx
:J'ex+1;dx+fxgl —%@ex% dx

_ XH; s d ,Hl;
= J'e dx txe J'E(X]e dx

x+L x+L x+L
=Ie * dx + xe X—Ie xdx

%’J’@l—%ﬁex% dx 26“1;

/
:J—ex+1/de+ XGXH‘X _J-exﬂ/de

1
X+—

=xe *+C

oo a

13 Letl = J’(sin(lOl x)Ein® x)dx
= Isin(lOOx + x)sin® xdx
= J'(sin[lOOX] [¢os x + cos(100x)

[8in x)sin® xdx
= J’SiIl'l‘OOX [lcos x I?.ingg x)dx

+J'cos(100x) Bin'" xdx

:.~100
= I:lin(loox)ﬁu - J'cos[l 00x)
Q 100

:.~100
100 Dsudx']qcos(mo@ BEin'™ xdx

_ sin(100x) Bin'" x

100
—Isinlclo x [0s(100x)dx
+ICOS(100X] Bin'" xdx
: +.,100
_ sin(100x)08in™ x +C
100

(2018)*

018]51" “1(2018)* dx
-(2018)*

14 Let] —J'

(2018)"

I,/ (2018)**

Putsin™ (2018) =t
1

1-(2018%)*
2018)"
I(zms)‘dt

20 18]sin “1(2018)"

O

1,(2018)dx = dt
_1r
In (2018)
1 D(2018)'

In (2018) In 2018
_ [(2018)
In* (2018)

orI-=

+C
+C

= (log,pyge)* [2018)™ 1" +C

15 Let] = J’(J’e"(log x+2

X

—J'J'e Qogx+ i—%gdx]dx

=J'ae"gogx+l + e" i—%%x
—I%"logx+e —+C Ed

[fe(f dx =e” [J(x)+C]

=Ie’(@ogx+;§dx+fcldx

=e*log x+C,x+C,

- yaxydx
X

2
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